Introduction and Notation
Let G = (V; E) denote a digraph on n vertices. Loops are permitted but no multiple arcs. Therefore exp(G) and l(G) may be considered as two di erent kinds of extreme versions of exp(G:u; v) for an (undirected) graph G.
It is interesting to note that if t is a positive integer such that t < l(G), then for any vertex u in G, R t (u) is always an independent set. To see this observe that if there were two vertices v 1 and v 2 in R t (u) such that v 1 ! v 2 , then u t;t+1 ?! v 2 and l(G) t, a contradiction. Therefore there are relationships between l(G) and independent sets. ? 2n + 2 implies l(G) = 1. He also commented that there was some reason to expect that this upper bound on l(G) could be lowered considerably. In this paper, some upper bounds for l(G) in terms of the order and girth of G are found. Also it is conjectured that l(G) exp(G)=2 for all except one G.
Reachable sets
We rst introduce the following lemma which is helpful in estimating the sizes of reachable sets.
Lemma 2 ( 3] ) Suppose G is strongly connected and Z is a subset of V . If Z R 1 (Z), then jR i (Z)j minfn; jZj + ig for i 0.
It is trivial that if G contains loops, then l(G) = 1. Therefore throughout the rest of the paper, if not speci ed, G will always denote a primitive digraph with order n and girth s 2.
The local exponent of G at a vertex u, denoted exp(G : u), is the least integer k such that u Proof. Since R 0 (u) = fug, it can be supposed that t 1 and jR t (u)j < n. By Lemma 3, a vertex u on an s-cycle may be chosen such that jR i (u)j 2 for all i 1. Let t = xs + y and Z = R y (u), where x; y are integers and 1 y s. Since Z R s (Z) and R xs (Z) in G equals R x (Z) in G s , by Lemma 2, n > jR t (u)j = jR xs+y (u)j = jR xs (Z)j minfn; jZj + xg minfn; 2 + xg. Then jR t (u)j x + 2 = dt=se + 1: 2
The following two corollaries reveal some relations between l(G) and the maximum size among all independent sets in G.
Corollary 1 G contains an independent set of size at least d(l(G) ? 1)=se + 1.
Proof. As has been shown, R t (v) is an independent set for all v 2 V and all t < l(G). In particular, let t = l(G) ?1. By Lemma 4, there exists some vertex u on an s-cycle such that R l(G)?1 (u) is an independent set of size at least d(l(G) ? 1) Proof. Let l = l(G), s = 3 and let u be chosen as in Lemma 4. Since n?2 s?1 = 2, it may be supposed that l 3. By the de nition of l, the sets R l?3 (u); R l?2 (u); R l?1 (u) and R l (u) are consecutively disjoint. Since R l?3 (u) R l?3 (R 3 (u)) = R l (u), the three sets R l?3 (u); R l?2 (u) and R l?1 (u) are pairwise disjoint. Therefore by Lemma 4, n
Similarly Corollary 3 can be proved if s = 2. 2
Upper Bounds for l(G)
Let L(G) denote the set of lengths of all cycles in G. Since G is primitive, it is easy to prove that the greatest common divisor of the elements in L(G) is 1; i.e., gcd(L(G)) = 1. For any two positive integers q and s such that s < q n, gcd(q; s) = 1 and q + s n + 1, the digraph W n;q;s = (V; E) is de ned as follows: V = fu i : 1 i ng and E = f(u i ; u i+1 ) : 1 i n ? 1g f(u s ; u 1 ); (u n ; u n?q+1 )g. Then W n;q;s is primitive and contains only two cycles, one of length q and the other of length s. Proof. Since s + q n + 2, at least two (distinct) vertices are on both C s and C q . Without loss of generality, it may be supposed that v 0 = u 0 ; v r = u t and V (C s ) \ fu i : 0 < i < tg = ;, where 1 r < t q ? 1 and r 6 t (mod s). Then n s + t ? 1 (1) W n;n;2(n+1)=3 , where n ?1 (mod 6) (2) W n;n?1;n?3 or W n;n;(n+2)=2 , where n 0 (mod 4) for the latter (3) W n;n;n?2 Proof. We only prove this theorem in the case that s is odd and n is even. The proof for the other two cases is similar. Suppose s is odd and n is even. Furthermore equality in the above two cases holds if and only if G is isomorphic to W n;n?1;n?3 and W n;n;n?2 respectively.
Proof. If s = n ? 1, then there are only two di erent kinds of digraphs up to isomorphism, and it can be checked that l(G) = 1. Therefore it can be supposed that s n ? 2 and so Corollary 4 follows from Theorem 2. 
Open Problem
In the previous section, the upper bounds on l(G) in terms of n and s are best possible in the sense that there exist examples for which equality is attained. However, it seems very hard to nd a relationship between l(G) and exp(G) except for the obvious one l(G) exp(G). If G = W n;n;n?1 , the Wielandt digraph, then exp(G) = (n ? 1) 2 + 1 is largest possible while l(G) = 1 is smallest possible. In this case the bound l(G) exp(G) is unfortunately very poor. Therefore there is some reason to expect a better relationship between these two parameters. Let K n be the complete graph with loop at each vertex. Then exp(K n )=l(K n ) = 1. However it seems that K n is the only digraph such that exp(G)=l(G) = 1.
Conjecture 1 For all primitive digraphs G such that G 6 = K n , exp(G)=l(G) 2:
Conjecture 1 is trivial if s = 1. In fact, it is not di cult to prove the following partial result.
Theorem 3 Suppose G 6 = K n and either G is undirected or G contains cycles of exactly two di erent lengths. Then exp(G)=l(G) 2:
Remark 2. The equality in Theorem 3 can be attained for both cases. In the case of undirected graphs, one class of examples is (undirected) odd cycles. In the case of digraphs containing cycles of exactly two di erent lengths, a class of examples is G = (V; E), where V = fu i : 1 i ng and E = f(u i ; u i+1 ); (u i+1 ; u i ) : 1 i n?1g f(u 1 ; u n )g if n is odd; while E = f(u i ; u i+1 ); (u i+1 ; u i ) : 1 i n ? 2g f(u 1 ; u n?1 ); (u 1 ; u n ); (u n?2 ; u n ); (u n ; u n?2 )g if n is even.
